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Abstract

We aim to present a new generalization of Mittag-Le�er function. Then we investigate certain
properties and formulas associated with newly introduced (p, k)-Mittag-Le�er function. Various
results including representation in terms of generalized hypergeometric function, integral transforms
like Laplace transform, Beta transform, Whittaker transform have been established and proved.
Finally some interesting special cases are discussed.
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1. Introduction and Preliminaries

In this section, we present results and de�nitions known and important for the development of
the following sections.

The Gauss hypergeometric function is de�ned as (see [1])

De�nition 1. Let |z| < 1, z, δ1, δ2 ∈ C, δ3 ∈ C \ Z−
0 , then

2F1(δ1, δ2; δ3; z) =
∞∑
n=0

(δ1)n(δ2)n
(δ3)n

zn

n!
, (1.1)

where (δ1)n is familiar Pochhammar symbol (see [2]).

The series 2F1(δ1, δ2; δ3; z) is convergent in the following cases:

1. for |z| < 1; the series converges absolutely.
2. for |z| = 1; the series converges absolutely for ℜ(δ3 − δ1 − δ2) > 0.
3. for |z| = 1 (z ̸= 1); the series converges conditionally for

−1 < ℜ(δ3 − δ1 − δ2) ≤ 0.
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The integral form of the Gauss hypergeometric function is given as (see [1, 3]):

2F1(δ1, δ2; δ3; z) =
Γ(δ3)

Γ(δ2)Γ(δ3 − δ2)

∫ 1

0
tδ2−1(1− t)δ3−δ2−1(1− zt)−δ1dt,

(|z| < 1;ℜ(δ3) > ℜ(δ2) > 0).

(1.2)

A more generalized form of the hypergeometric function is rFs, de�ned as (see [1, 3]):

De�nition 2. Let δ1, · · · , δr ∈ C;ω1, · · · , ωs ∈ C \ Z−
0 , then

rFs

[
δ1, · · · , δr;
ω1, · · · , ωs;

z

]
=

∞∑
n=0

(δ1)n...(δr)n
(ω1)n...(ωs)n

zn

n!
. (1.3)

The series rFs(.) is convergent in the following cases (see [1]):

1. Converges absolutely ∀ z ∈ C, if r ≤ s.
2. (a) Converges absolutely for |z| < 1 and r = s+ 1.

(b) Diverges for |z| > 1 and r = s+ 1.
3. Diverges for z ̸= 0, if r > s+ 1.
4. Absolutely convergent for |z| = 1, when r = s+ 1 and

ℜ

 s∑
j=1

ωj −
r∑

i=1

δi

 > 0.

5. Conditionally convergent for |z| = 1 (z ̸= 1), if r = s+ 1 and when

−1 < ℜ

 s∑
j=1

ωj −
r∑

i=1

δi

 ≤ 0.

where (δ)n is the Pochhammer symbol de�ned by (see [2])

(δ)n =

{
1 (n = 0; δ ∈ C \ {0})
δ(δ + 1)(δ + 2)...(δ + n− 1) (n ∈ N; δ ∈ C)

=
Γ(δ + n)

Γ(δ)
(n ∈ N; δ ∈ C \ Z−

0 )

(1.4)

and Γ(δ) is the familiar Gamma function.

The Pochhammer k-symbol due to Diaz and Pariguan [4] is de�ned as

De�nition 3. Let δ ∈ C, k ∈ R and n ∈ N, then the Pochhemmer k-symbol is de�ned as: (Diaz
and Pariguan [4])

(δ)n, k = δ(δ + k)(δ + 2k) · · · (δ + (n− 1)k). (1.5)

and k-Gamma function is de�ned as
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De�nition 4. For δ ∈ C; ℜ(δ) > 0; k ∈ R+, the k-gamma function is de�ned by [4]:

Γk(δ) =

∫ ∞

0
tδ−1e−

tk

k dt. (1.6)

Proposition 1. The k-gamma function and Pochhammer k-symbol are related as (see [4]):
For n ∈ N; k ∈ R+

(δ)n, k =


Γk(δ + nk)

Γk(δ)
(δ ∈ C \ {0})

δ(δ + k) · · · (δ + (n− 1)k), (δ ∈ C).
(1.7)

For δ ∈ C, ℜ(δ) > 0; k ∈ R+

Γk(δ) = k
δ
k
−1Γ

(
δ

k

)
. (1.8)

Recently, Gehlot [5] introduced a new modi�cation of the k-Gamma function pΓk(δ) and is
de�ned as

De�nition 5. For δ ∈ C \ kZ−; k, p ∈ R+ \ 0 and ℜ(δ) > 0, the (p, k) Gamma function pΓk(δ) is
given as

pΓk(δ) =

∫ ∞

0
e
− tk

p tδ−1dδ. (1.9)

Also, he has de�ned the (p, k)-Pochhammer symbol p(δ)n,k which is given by (see [5])

De�nition 6. For δ ∈ C; k, p ∈ R+ \0 and ℜ(δ) > 0, n ∈ N, the (p, k)- Pochhammer Symbol p(δ)n,k
is given as

p(δ)n,k =

(
δp

k

)
.

(
δp

k
+ p

)
.

(
δp

k
+ 2p

)
· · ·
(
δp

k
+ (n− 1)p

)
=

pΓk(δ + nk)

pΓk(δ)
.

(1.10)

The following properties hold true for the (p, k)- Gamma function and (p, k)- Pochhammer
symbol given as [5]:

Proposition 2.

For x ∈ C \ kZ−; k, p ∈ R+ and ℜ(x) > 0, n, q ∈ N, then the following formulas hold true:

p(Γ)k(x) =
(p
k

)x
k
Γk(x) =

p
x
k

k
Γ
(x
k

)
. (1.11)

p(x)nq,k =
(p
k

)nq
(x)nq,k = pnq

(x
k

)
nq

. (1.12)

p(x)nq,k = pqnq
q∏

r=1

( x
k + r − 1

q

)
n

. (1.13)
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2. Mittag-Le�er function and its generalizations

For our present study we start by recalling the previous work. Let C,R+,N and Z−
0 be the sets

of complex numbers, positive real numbers, positive integers and non-positive integers, respectively,
and let N0 = N ∪ {0}.

The Swedish mathematician G. Mittag-Le�er [6] introduced the function Eλ(z), is de�ned in
series form as:

Eλ(z) =

∞∑
n=0

zn

Γ(λn+ 1)
, z ∈ C;λ ≥ 0. (2.1)

The two parameter Mittag-Le�er function Eλ,ν(z) [6] studied by Wiman [7], is de�ned as:

Eλ,ν(z) =
∞∑
n=0

zn

Γ(λn+ ν)
, λ, µ ∈ C; ℜ(λ) > 0,ℜ(ν) > 0. (2.2)

In [8](see also [9]), Prabhakar introduced the function Eγ
λ,ν(z), is de�ned as:

Eγ
λ,ν(z) =

∞∑
n=0

(γ)n
Γ(λn+ ν)

zn

n!
,

λ, µ, γ ∈ C; ℜ(λ) > 0,ℜ(ν) > 0,ℜ(γ) > 0.

(2.3)

In [10], Shukla and Prajapati studied the function Eγ,η
λ,ν (z), is de�ned as (see also [11]):

Eγ,η
λ,ν (z) =

∞∑
n=0

(γ)ηn
Γ(λn+ ν)

zn

n!
,

λ, ν, γ ∈ C, ℜ(λ) > 0, ℜ(ν) > 0, ℜ(γ) > 0 and η ∈ (0, 1) ∪ N,
(2.4)

where (γ)ηn =
Γ(γ + ηn)

Γ(γ)
.

Salim [12] introduced a new generalization of Mittag-Le�er function Eγ,δ
λ,ν(z) and is de�ned as:

Eγ,δ
λ,ν(z) =

∞∑
n=0

(γ)n
Γ(λn+ ν)

zn

(δ)n
,

λ, ν, γ, δ ∈ C, ℜ(λ) > 0, ℜ(ν) > 0, ℜ(γ) > 0, ℜ(δ) > 0.

(2.5)

Further, Salim and Faraj [13] introduced the following more generalized Mittag-Le�er function
Eγ,δ,η

λ,ν,τ (z) de�ned as:

Eγ,δ,η
λ,ν,τ (z) =

∞∑
n=0

(γ)ηn
Γ(λn+ ν)

zn

(δ)τn
,

λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, τ, η ∈ R+, η < ℜ(λ) + τ.

(2.6)

Further, the following more generalized Mittag-Le�er function Eγ,δ,η
k,λ,ν,τ (z) is introduced by

Gupta and Parihar [14] de�ned as:
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Eγ,δ,η
k,λ,ν,τ (z) =

∞∑
n=0

(γ)ηn,k
Γk(λn+ ν)

zn

(δ)τn,k
,

λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, k, τ, η ∈ R+, η < ℜ(λ) + τ.

(2.7)

Here we introduce a new generalization of Mittag-Le�er function de�ned as:

pE
γ,δ,η
k,λ,ν,τ (z) =

∞∑
n=0

p(γ)ηn,k

pΓk(λn+ ν)

zn

p(δ)τn,k
,

λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, p, k, τ, η ∈ R+, η <
ℜ(λ)
k

+ τ.

(2.8)

where p(γ)ηn,k is the (p, k)- Pochhammer symbol de�ned in equation (1.10).

Also we require an interesting generalization of the generalized hypergeometric series pFq (see
e.g., [15]) due to Fox [16] and Wright [17, 18, 19] known as the Fox-Wright function pΨq(z) (p, q ∈
N0) with p numerator and q denominator parameters de�ned for a1, ..., ap ∈ C and b1, ..., bq ∈ C\Z−

0

by (For details see [3, 20, 21, 22])

pΨq

[
(a1, α1), ..., (ap, αp);
(b1, β1), ..., (bq, βq);

z

]
=

∞∑
n=0

Γ(a1 + α1n)...Γ(ap + αpn)

Γ(b1 + β1n)...Γ(bq + βqn)

zn

n!
, (2.9)

where the coe�cients α1, ..., αp, β1, ..., βq ∈ R+ are such that

1 +

q∑
j=1

βj −
p∑

i=1

αi ≥ 0. (2.10)

For αi = βj = 1 (i = 1, ..., p; j = 1, ..., q), equation (2.9) reduces immediately to the generalized
hypergeometric function pFq (p, q ∈ N0) (see [22]):

pFq

[
a1, ..., ap;
b1, ..., bq;

z

]
=

Γ(b1)...Γ(bq)

Γ(a1)...Γ(aq)
pΨq

[
(a1, 1), ..., (ap, 1);
(b1, 1), ..., (bq, 1);

z

]
. (2.11)

3. Basic properties of the extended generalized Mittag-Le�er function

In this section we investigate several interesting properties of the extended generalized Mittag-
Le�er function pE

γ,δ,η
k,λ,ν,τ (z).

Theorem 1. The series in equation (2.8) is absolutely convergent for all values of z provided

η < ℜ(λ)
k + τ . Moreover if η = ℜ(λ)

k + τ , then pE
γ,δ,η
k,λ,ν,τ (z) converges for |z| < 1.

Proof. Rewriting pE
γ,δ,η
k,λ,ν,τ (z) in the form of power series pE

γ,δ,η
k,λ,ν,τ (z) =

∞∑
n=0

bnz
n,

where bn =
p(γ)ηn,k

pΓk(λn+ ν)p(δ)τn,k
.

Applying
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Γ(z + a)

Γ(z + b)
= za−b

[
1 +

(a− b)(a+ b− 1)

2z
+ O

(
1

z2

)]
, (3.1)

we get ∣∣∣∣an+1

an

∣∣∣∣ = ∣∣∣∣p(γ)ηn+η,k

p(γ)ηn,k

p(δ)τn,k

p(δ)τn+τ,k

pΓk(λn+ ν)

pΓk(λn+ λ+ ν)

zn+1

zn

∣∣∣∣
= pη−τ−λ

k (ηn)η

1 + η
(
2γ
k + η − 1

)
2ηn

+ O

(
1

(ηn)2

)
×
(
λn

k

)−λ
k

[
1 +

−λ
k

(
2ν
k + λ

k − 1
)

2λn
k

+ O

(
1(

λn
k

)2
)]

× (τn)−τ

[
1 +

−τ
(
2δ
k + τ − 1

)
2τn

+ O

(
1

(τn)2

)]
|z|

= pη−τ−λ
k

ηη

λ
k

λ
k τ τ

n
η

λ
k
+τ

1 + η
(
2γ
k + η − 1

)
2ηn

+ O

(
1

(ηn)2

)
×

[
1 +

−λ
k

(
2ν
k + λ

k − 1
)

2λn
k

+ O

(
1(

λn
k

)2
)]

×

[
1 +

−τ
(
2δ
k + τ − 1

)
2τn

+ O

(
1

(τn)2

)]
|z|.

(3.2)

Here
∣∣∣∣an+1

an

∣∣∣∣ −→ 0 as n −→ ∞ when η < ℜ(λ)
k + τ.

that implies the function pE
γ,δ,η
k,λ,ν,τ (z) converges for all z provided η < ℜ(λ)

k + τ . Moreover if

η = ℜ(λ)
k + τ , then pE

γ,δ,η
k,λ,ν,τ (z) converges for |z| < 1.

Theorem 2. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, p, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then, for m ∈ N, the following formula holds true:

(
d

dz

)m

pE
γ,δ,η
k,λ,ν,τ (z) = Γ(m+ 1)

p(γ)ηm,k

p(δ)τm,k

∞∑
n=0

p(γ + ηmk)ηn,k(m+ 1)n

pΓk(λn+ λm+ ν)p(δ + τmk)τn,k

zn

n!
. (3.3)

(
d

dz

)m

z
ν
k pE

γ,δ,η
k,λ,ν+k,τ (ωz

λ
k ) =

(
ω

p

)m

z
(λ−k)m+ν

k
p(γ)ηm,k

p(δ)τm,k
pE

γ+ηmk,δ+τmk,η
k,λ,ν+k(1−m)+λm,τ

(
ωz

λ
k

)
. (3.4)

Proof. From equation (3.3), using equation (1.10), (1.11) and (1.12), we have(
d

dz

)m

pE
γ,δ,η
k,λ,ν,τ (z) =

(
d

dz

)m ∞∑
n=0

p(γ)ηn,kz
n

pΓk(λn+ ν)p(δ)τn,k
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=
∞∑
n=0

p(γ)ηn,k

pΓk(λn+ ν)p(δ)τn,k

(
d

dz

)m

(z)n

=

∞∑
n=m

p(γ)ηn,k

pΓk(λn+ ν)p(δ)τn,k

Γ(n+ 1)

Γ(n−m+ 1)
(z)n−m

=

∞∑
n=0

p(γ)η(n+m),k

pΓk(λ(n+m) + ν)p(δ)τ(n+m),k

Γ(n+m+ 1)

Γ(n+ 1)
(z)n

= Γ(m+ 1)
p(γ)ηm,k

p(δ)τm,k

∞∑
n=0

p(γ + ηmk)ηn,k(m+ 1)n

pΓk(λn+ λm+ ν)p(δ + τmk)τn,k

zn

n!
. (3.5)

From equation (3.4), using equation (1.10), (1.11) and (1.12), we have(
d

dz

)m

z
ν
k pE

γ,δ,η
k,λ,ν+k,τ (ωz

λ
k ) =

(
d

dz

)m ∞∑
n=0

p(γ)ηn,k(ω)
nz

λn+ν
k

pΓk(λn+ ν + k)p(δ)τn,k

=
∞∑
n=0

p(γ)ηn,k(ω)
n

pΓk(λn+ ν + k)p(δ)τn,k

(
d

dz

)m

(z)
λn+ν

k

=

∞∑
n=m

p(γ)ηn,k(ω)
n

p
λn+ν+k

k

k Γ
(
λn+ν+k

k

)
p(δ)τn,k

Γ(λn+ν
k + 1)

Γ(λn+ν
k + 1−m)

(z)
λn+ν

k
−m

=

∞∑
n=0

p−m
p(γ)η(n+m),k(ω)

n+m(z)
λ(n+m)+ν

k
−m

pΓk(λ(n+m) + ν + k − km)p(δ)τ(n+m),k

=

(
ω

p

)m

z
(λ−k)m+ν

k
p(γ)ηm,k

p(δ)τm,k

∞∑
n=0

p(γ + ηmk)ηn,k

(
ωz

λ
k

)n
pΓk(λn+ λm+ ν + k − km)p(δ + τmk)τn,k

=

(
ω

p

)m

z
(λ−k)m+ν

k
p(γ)ηm,k

p(δ)τm,k
pE

γ+ηmk,δ+τmk,η
k,λ,ν+k(1−m)+λm,τ

(
ωz

λ
k

)
. (3.6)

Theorem 3. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, p, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then, for m ∈ N, the following formula holds true:

pE
γ,δ,η
k,λ,ν,τ (z) =

pν

k
pE

γ,δ,η
k,λ,ν+k,τ (z) +

pλz

k

d

dz
pE

γ,δ,η
k,λ,ν+k,τ (z). (3.7)

pE
γ,δ,η
k,λ,ν,τ (z)− pE

γ−k,δ,η
k,λ,ν,τ (z) =

zηk

γ − k

d

dz
pE

γ−k,δ,η
k,λ,ν,τ (z). (3.8)

pE
γ,δ,η
k,λ,ν,τ (z)− pE

γ,δ−k,η
k,λ,ν,τ (z) =

zτk

k − δ

d

dz
pE

γ,δ,η
k,λ,ν,τ (z). (3.9)
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Proof. From equation (3.7), using equation (1.10), (1.11) and (1.12), we have

pE
γ,δ,η
k,λ,ν,τ (z) =

∞∑
n=0

p(γ)ηn,k z
n

pΓk(λn+ ν)p(δ)τn,k

=
∞∑
n=0

p(γ)ηn,k
(
λn+ν

k

)
zn

p
λn+ν

k

k Γ
(
λn+ν

k

) (
λn+ν

k

)
p(δ)τn,k

=
pν

k

∞∑
n=0

p(γ)ηn,k z
n

pΓk(λn+ ν + k)p(δ)τn,k

− pλz

k

d

dz

∞∑
n=0

p(γ)ηn,k z
n

pΓk(λn+ ν + k)p(δ)τn,k

=
pν

k
pE

γ,δ,η
k,λ,ν+k,τ (z) +

pλz

k

d

dz
pE

γ,δ,η
k,λ,ν+k,τ (z). (3.10)

And from equation (3.8), using equation (1.10), (1.11) and (1.12), we have

pE
γ,δ,η
k,λ,ν,τ (z)− pE

γ−k,δ,η
k,λ,ν,τ (z) =

∞∑
n=0

p(γ)ηn,k z
n

pΓk(λn+ ν)p(δ)τn,k
−

∞∑
n=0

p(γ − k)ηn,k z
n

pΓk(λn+ ν)p(δ)τn,k

=

∞∑
n=0

zn[p(γ)ηn,k − p(γ − k)ηn,k]

pΓk(λn+ ν)p(δ)τn,k

=

∞∑
n=0

p(γ − k)ηn,k z
n

pΓk(λn+ ν)p(δ)τn,k

[
ηnk

γ − k

]

=
ηkz

γ − k

∞∑
n=1

p(γ − k)ηn,kn zn−1

pΓk(λn+ ν)p(δ)τn,k

=
zηk

γ − k

d

dz
pE

γ−k,δ,η
k,λ,ν,τ (z). (3.11)

Also from equation (3.9), using equation (1.10), (1.11) and (1.12), we have

pE
γ,δ,η
k,λ,ν,τ (z)− pE

γ,δ−k,η
k,λ,ν,τ (z)

=

∞∑
n=0

p(γ)ηn,k z
n

pΓk(λn+ ν)p(δ)τn,k
−

∞∑
n=0

p(γ)ηn,k z
n

pΓk(λn+ ν)p(δ − k)τn,k

=

∞∑
n=0

p(γ)ηn,k z
n

pΓk(λn+ ν)

[
1

p(δ)τn,k
− 1

p(δ − k)τn,k

]

=

∞∑
n=0

p(γ)ηn,k z
n

pΓk(λn+ ν)p(δ)τn,k

[
τnk

k − δ

]

=
zτk

k − δ

∞∑
n=1

p(γ)ηn,kn zn−1

pΓk(λn+ ν)p(δ)τn,k

Bulletin of the Kyushu Institute of Technology - Pure and Applied Mathematics  ||   ISSN 1343-8670

Volume 28, Issue 10, 2025                                          https://kyupeerref.link                                           Page  28



=
zτk

k − δ

d

dz
pE

γ,δ,η
k,λ,ν,τ (z). (3.12)

Theorem 4. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, p, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then, the following formula holds true:

1

Γ
(
α
k

) ∫ 1

0
u

ν
k
−1(1− u)

α
k
−1

pE
γ,δ,η
k,λ,ν,τ

(
zu

λ
k

)
du = p

α
k pE

γ,δ,η
k,λ,ν+α,τ (z). (3.13)

Proof. Denote left hand side of equation (3.13) by I, using equation (1.10), (1.11) and (1.12), we
have

I =
1

Γ
(
α
k

) ∞∑
n=0

p(γ)ηn,k z
n

pΓk(λn+ ν)p(δ)τn,k

∫ 1

0
u

λn
k
+ ν

k
−1(1− u)

α
k
−1du

=
1

Γ(αk )

∞∑
n=0

p(γ)ηn,k z
n

pΓk(λn+ ν)p(δ)τn,k

Γ
(
λn
k + ν

k

)
Γ
(
α
k

)
Γ
(
λn
k + ν

k + α
k

)
= p

α
k

∞∑
n=0

p(γ)ηn,k z
n

pΓk

(
λn
k + ν

k + α
k

)
p(δ)τn,k

= p
α
k pE

γ,δ,η
k,λ,ν+α,τ (z).

(3.14)

Theorem 5. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, p, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then, the following formula holds true:

1

Γ
(
α
k

) ∫ x

t
(x− s)

α
k
−1(s− t)

ν
k
−1

pE
γ,δ,η
k,λ,ν,τ

(
ξ(s− t)

λ
k

)
ds = p

α
k (x− t)

α
k
+ ν

k
−1

pE
γ,δ,η
k,λ,ν+α,τ

(
ξ(x− t)

λ
k

)
.

(3.15)

Proof. Denote left hand side of equation (3.15) by I and putting u =
s− t

x− t
, using equation (1.10),

(1.11) and (1.12), we have

I =
1

Γ
(
α
k

) ∫ 1

0
(x− t)

α
k
+ ν

k
−1u

λn
k
+ ν

k
−1(1− u)

α
k
−1

∞∑
n=0

p(γ)ηn,k

(
ξ(x− t)

λ
k

)n
pΓk(λn+ ν)p(δ)τn,k

du

=
(x− t)

α
k
+ ν

k
−1

Γ
(
α
k

) ∞∑
n=0

p(γ)ηn,k

(
ξ(x− t)

λ
k

)n
pΓk(λn+ ν)p(δ)τn,k

∫ 1

0
u

λn
k
+ ν

k
−1(1− u)

α
k
−1du

=
(x− t)

α
k
+ ν

k
−1

Γ
(
α
k

) ∞∑
n=0

p(γ)ηn,k

(
ξ(x− t)

λ
k

)n
pΓk(λn+ ν)p(δ)τn,k

Γ
(
λn
k + ν

k

)
Γ
(
α
k

)
Γ
(
λn
k + ν

k + α
k

)
= p

α
k (x− t)

α
k
+ ν

k
−1

pE
γ,δ,η
k,λ,ν+α,τ

(
ξ(x− t)

λ
k

)
.

(3.16)

Bulletin of the Kyushu Institute of Technology - Pure and Applied Mathematics  ||   ISSN 1343-8670

Volume 28, Issue 10, 2025                                          https://kyupeerref.link                                           Page  29



Theorem 6. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, p, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then, the following formula holds true:∫ z

0
t
ν
k
−1

pE
γ,δ,η
k,λ,ν,τ

(
ωt

λ
k

)
dt = pz

ν
k pE

γ,δ,η
k,λ,ν+k,τ

(
ωz

λ
k

)
. (3.17)

Proof. Denote left hand side of equation (3.17) by I, using equation (1.10), (1.11) and (1.12), we
have

I =
∞∑
n=0

p(γ)ηn,k ω
n

pΓk(λn+ ν)p(δ)τn,k

∫ z

0
t
λn
k
+ ν

k
−1dt

= z
ν
k

∞∑
n=0

p(γ)ηn,k

pΓk(λn+ ν)p(δ)τn,k

(
ωz

λ
k

)n
(
λn
k + ν

k

)
= pz

ν
k

∞∑
n=0

p(γ)ηn,k

(
ωz

λ
k

)n
pΓk (λn+ ν + k) p(δ)τn,k

= pz
ν
k pE

γ,δ,η
k,λ,ν+k,τ

(
ωz

λ
k

)
.

(3.18)

4. Generalized hypergeometric function representation of the extended generalized

Mittag-Le�er function

Theorem 7. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, p, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then, the following formula holds true:

pE
γ,δ,η
k,λ,ν,τ (z) =

1

pΓk(ν)
η+1Fλ

k
+τ

[
∆
(
η; γk

)
, 1;

∆
(
λ
k ;

ν
k

)
,∆
(
τ ; δk

)
;
z
pη−τ−λ

k ηηk
λ
k

τ τλ
λ
k

]
. (4.1)

where ∆(m; l) is m-tuple
l

m
,
l + 1

m
,
l + 2

m
, ...,

l +m− 1

m
.

Proof. From equation (4.1), using equation (1.10), (1.11), (1.12) and (1.13), we have

pE
γ,δ,η
k,λ,ν,τ (z) =

∞∑
n=0

p(γ)ηn,k z
n

pΓk(λn+ ν)p(δ)τn,k

=
1

pΓk(ν)

∞∑
n=0

(pη)ηn
η∏

i=1

( γ
k + i− 1

η

)
n

(1)n

(
pλ
k

)λn
k

λ
k∏

j=1

(
ν
k + j − 1

λ
k

)
n

(pτ)τn
τ∏

r=1

(
δ
k + r − 1

τ

)
n

zn

n!
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=
1

pΓk(ν)

∞∑
n=0

η∏
i=1

( γ
k + i− 1

η

)
n

(1)n

λ
k∏

j=1

(
ν
k + j − 1

λ
k

)
n

τ∏
r=1

(
δ
k + r − 1

τ

)
n

(
z
pη−τ−λ

k ηηk
λ
k

τ τλ
λ
k

)n
1

n!

=
1

pΓk(ν)
η+1Fλ

k
+τ

[
∆
(
η; γk

)
, 1;

∆
(
λ
k ;

ν
k

)
,∆
(
τ ; δk

)
;
z
pη−τ−λ

k ηηk
λ
k

τ τλ
λ
k

]
. (4.2)

5. Extended generalized Mittag-Le�er function in terms of generalized Fox-Wright

function

Theorem 8. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, p, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then, the following formula holds true:

pE
γ,δ,η
k,λ,ν,τ (z) =

kΓ
(
δ
k

)
p

ν
kΓ
(γ
k

)2Ψ2

[ (γ
k , η
)
, (1, 1);(

ν
k ,

λ
k

)
,
(
δ
k , τ
)
;
zpη−τ−λ

k

]
. (5.1)

Proof. From equation (5.1), using equation (1.10), (1.11) and (1.12), we have

pE
γ,δ,η
k,λ,ν,τ (z) =

∞∑
n=0

p(γ)ηn,k z
n

pΓk(λn+ ν)p(δ)τn,k

=
kΓ
(
δ
k

)
p

ν
kΓ
(γ
k

) ∞∑
n=0

Γ
(γ
k + ηn

)
Γ (1 + n)

Γ
(
λn
k + ν

k

)
Γ
(
δ
k + τn

) (zpη−τ−λ
k )n

n!

=
kΓ
(
δ
k

)
p

ν
kΓ
(γ
k

)2Ψ2

[ (γ
k , η
)
, (1, 1);(

ν
k ,

λ
k

)
,
(
δ
k , τ
)
;
zpη−τ−λ

k

]
.

5.1. Special Cases

On setting p = 1, results presented in Theorem 1�Theorem 6 reduce to the following form.

Corollary 1. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then, for m ∈ N, the following formula holds true:

(
d

dz

)m

Eγ,δ,η
k,λ,ν,τ (z) = Γ(m+ 1)

(γ)ηm,k

(δ)τm,k

∞∑
n=0

(γ + ηmk)ηn,k(m+ 1)n
Γk(λn+ λm+ ν)(δ + τmk)τn,k

zn

n!
. (5.2)

(
d

dz

)m

z
ν
kEγ,δ,η

k,λ,ν+k,τ (ωz
λ
k ) = ωmz

(λ−k)m+ν
k

(γ)ηm,k

(δ)τm,k
Eγ+ηmk,δ+τmk,η

k,λ,ν+k(1−m)+λm,τ

(
ωz

λ
k

)
. (5.3)
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Corollary 2. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then, for m ∈ N, the following formula holds true:

Eγ,δ,η
k,λ,ν,τ (z) =

ν

k
Eγ,δ,η

k,λ,ν+k,τ (z) +
λz

k

d

dz
Eγ,δ,η

k,λ,ν+k,τ (z). (5.4)

Eγ,δ,η
k,λ,ν,τ (z)− Eγ−k,δ,η

k,λ,ν,τ (z) =
zηk

γ − k

d

dz
Eγ−k,δ,η

k,λ,ν,τ (z). (5.5)

Eγ,δ,η
k,λ,ν,τ (z)− Eγ,δ−k,η

k,λ,ν,τ (z) =
zτk

k − δ

d

dz
Eγ,δ,η

k,λ,ν,τ (z). (5.6)

Corollary 3. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then, the following formula holds true:

1

Γ
(
α
k

) ∫ 1

0
u

ν
k
−1(1− u)

α
k
−1Eγ,δ,η

k,λ,ν,τ

(
zu

λ
k

)
du = Eγ,δ,η

k,λ,ν+α,τ (z). (5.7)

Corollary 4. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then, the following formula holds true:

1

Γ
(
α
k

) ∫ x

t
(x− s)

α
k
−1(s− t)

ν
k
−1Eγ,δ,η

k,λ,ν,τ

(
ξ(s− t)

λ
k

)
ds

= (x− t)
α
k
+ ν

k
−1Eγ,δ,η

k,λ,ν+α,τ

(
ξ(x− t)

λ
k

)
.

(5.8)

Corollary 5. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then, the following formula holds true:∫ z

0
t
ν
k
−1Eγ,δ,η

k,λ,ν,τ

(
ωt

λ
k

)
dt = z

ν
kEγ,δ,η

k,λ,ν+k,τ

(
ωz

λ
k

)
. (5.9)

On setting p = k = 1, results presented in Theorem 1� Theorem 6 reduce to the following form.

Corollary 6. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, τ, η ∈ R+, η < ℜ(λ) + τ ,
then, for m ∈ N, the following formula holds true:(

d

dz

)m

Eγ,δ,η
λ,ν,τ (z) = Γ(m+ 1)

(γ)ηm
(δ)τm

∞∑
n=0

(γ + ηm)ηn(m+ 1)n
Γ(λn+ λm+ ν)(δ + τm)τn

zn

n!
. (5.10)

(
d

dz

)m

zνEγ,δ,η
λ,ν,τ (ωz

λ) = ωmz(λ−1)m+ν (γ)ηm
(δ)τm

Eγ+ηm,δ+τm,η
λ,ν+1−m+λm,τ

(
ωzλ

)
. (5.11)

Corollary 7. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, τ, η ∈ R+, η < ℜ(λ) + τ ,
then, for m ∈ N, the following formula holds true:

Eγ,δ,η
λ,ν,τ (z) = νEγ,δ,η

λ,ν+1,τ (z) + λz
d

dz
Eγ,δ,η

λ,ν+1,τ (z). (5.12)

Eγ,δ,η
λ,ν,τ (z)− Eγ−1,δ,η

λ,ν,τ (z) =
zη

γ − 1

d

dz
Eγ−1,δ,η

λ,ν,τ (z). (5.13)
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Eγ,δ,η
λ,ν,τ (z)− Eγ,δ−1,η

λ,ν,τ (z) =
zτ

1− δ

d

dz
Eγ,δ,η

λ,ν,τ (z). (5.14)

Corollary 8. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, τ, η ∈ R+, η < ℜ(λ) + τ ,
then, the following formula holds true:

1

Γ (α)

∫ 1

0
uν−1(1− u)α−1Eγ,δ,η

λ,ν,τ

(
zuλ
)
du = Eγ,δ,η

λ,ν+α,τ (z). (5.15)

Corollary 9. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, τ, η ∈ R+, η < ℜ(λ) + τ ,
then, the following formula holds true:

1

Γ (α)

∫ x

t
(x− s)α−1(s− t)ν−1Eγ,δ,η

λ,ν,τ

(
ξ(s− t)λ

)
ds = (x− t)α+ν−1Eγ,δ,η

k,λ,ν+α,τ

(
ξ(x− t)λ

)
.

(5.16)

Corollary 10. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, τ, η ∈ R+, η < ℜ(λ) + τ ,
then, the following formula holds true:∫ z

0
tν−1Eγ,δ,η

λ,ν,τ

(
ωtλ
)
dt = zνEγ,δ,η

λ,ν+1,τ

(
ωzλ

)
. (5.17)

6. Integral transforms of the extended generalized Mittag-Le�er function

In this section, we present certain image formulas of the extended generalized Mittag-Le�er
function pE

γ,δ,η
k,λ,ν,τ (z) by using integral transforms.

Theorem 9. (Laplace transform) Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, p, k, τ, η ∈
R+, η < ℜ(λ)

k + τ , then, for ℜ(s) > 0, the following formula holds true:

L
{
z

ν
k
−1

pE
γ,δ,η
k,λ,ν,τ

(
xz

λ
k

)
; s
}
=

k

(sp)
ν
k
η+1Fτ

[
∆
(
η; γk

)
, 1;

∆
(
τ ; δk

)
;

x
pη−τ−λ

k ηη

τ τs
λ
k

]
. (6.1)

Proof.

L
{
z

ν
k
−1

pE
γ,δ,η
k,λ,ν,τ

(
xz

λ
k

)
; s
}
=

∫ ∞

0
e−szz

ν
k
−1

∞∑
n=0

p(γ)ηn,k

pΓk(λn+ ν)p(δ)τn,k

(
xz

λ
k

)n
dz

=

∞∑
n=0

p(γ)ηn,k x
n

pΓk(λn+ ν)p(δ)τn,k

∫ ∞

0
e−szz

λn+ν
k

−1dz

=
k

(sp)
ν
k

∞∑
n=0

η∏
i=1

( γ
k + i− 1

η

)
n

(1)n

τ∏
j=1

(
δ
k + j − 1

τ

)
n

(
x
pη−τ−λ

k ηη

τ τs
λ
k

)n
1

n!
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=
k

(sp)
ν
k

η+1Fτ

[
∆
(
η; γk

)
, 1;

∆
(
τ ; δk

)
;

x
pη−τ−λ

k ηη

τ τs
λ
k

]
. (6.2)

Theorem 10. (Beta transform) Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, p, k, τ, η ∈
R+, η < ℜ(λ)

k + τ , then, for ℜ(a) > 0,ℜ(b) > 0, the following formula holds true:

B

{
pE

γ,δ,η
k,λ,ν,τ

(
xz

λ
k

)
;
ν

k
,
ϑ

k

}
= kpΓk(ϑ)pE

γ,δ,η
k,λ,ν+ϑ,τ (x). (6.3)

Proof.

B

{
pE

γ,δ,η
k,λ,ν,τ

(
xz

λ
k

)
;
ν

k
,
ϑ

k

}
=

∫ 1

0
z

ν
k
−1(1− z)

ϑ
k
−1

pE
γ,δ,η
k,λ,ν,τ

(
xz

λ
k

)
dz

=

∞∑
n=0

p(γ)ηn,k x
n

pΓk(λn+ ν)p(δ)τn,k

∫ 1

0
z

λn+ν
k

−1(1− z)
ϑ
k
−1dz

=
∞∑
n=0

p(γ)ηn,k x
n

pΓk(λn+ ν)p(δ)τn,k

Γ
(
λn+ν

k

)
Γ
(
ϑ
k

)
Γ
(
λn+ν+ϑ

k

)
= kpΓk(ϑ)

∞∑
n=0

p(γ)ηn,k x
n

pΓk(λn+ ν + ϑ)p(δ)τn,k

= kpΓk(ϑ)pE
γ,δ,η
k,λ,ν+ϑ,τ (x). (6.4)

Theorem 11. (Whittaker Transform) Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, p, k, τ, η ∈
R+, η < ℜ(λ)

k + τ , then, for ℜ(a) > 0,ℜ(b) > 0, the following formula holds true:

∫ ∞

0
zl−1e−ζz/2Wa,b(ζz)pE

γ,δ,η
k,λ,ν,τ

(
xzϑ

)
dz

=
Γ
(
δ
k

)
kζ−l

Γ
(γ
k

)
p

ν
k

4Ψ3

[ (γ
k , η
)
,
(
1
2 + b+ l, ϑ

)
,
(
1
2 − b+ l, ϑ

)
, (1, 1);(

ν
k ,

λ
k

)
,
(
δ
k , τ
)
,
(
1
2 − a+ l, ϑ

)
;

(
xpη−τ−λ

k

ζϑ

)]
.

(6.5)

Proof. Denote left hand side of equation (6.5) by I, we have

I =

∞∑
n=0

p(γ)ηn,k x
n

pΓk(λn+ ν)p(δ)τn,k

∫ ∞

0
zl+ϑn−1e−ζz/2Wa,b(ζz)dz, (6.6)

on setting ζz = y and using equation (1.10), (1.11) and (1.12), we get

I =
Γ
(
δ
k

)
kζ−l

Γ
(γ
k

)
p

ν
k

∞∑
n=0

Γ
(γ
k + ηn

)
Γ(1 + n)

Γ
(
ν
k + λ

kn
)
Γ
(
δ
k + τn

) (xpη−τ−λ
k

ζϑ

)n
1

n!

×
∫ ∞

0
yl+ϑn−1e−y/2Wa,b(y)dy,

(6.7)
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after simpli�cation, we get

I =
Γ
(
δ
k

)
kζ−l

Γ
(γ
k

)
p

ν
k

∞∑
n=0

Γ
(γ
k + ηn

)
Γ
(
1
2 + b+ l + ϑn

)
Γ
(
ν
k + λ

kn
)
Γ
(
δ
k + τn

)
×

Γ
(
1
2 − b+ l + ϑn

)
Γ(1 + n)

Γ
(
1
2 − a+ l + ϑn

) (
xpη−τ−λ

k

ζϑ

)n
1

n!
,

(6.8)

using equation (2.9), we get the required result (6.5)

I =
Γ
(
δ
k

)
kζ−l

Γ
(γ
k

)
p

ν
k

4Ψ3

[ (γ
k , η
)
,
(
1
2 + b+ l, ϑ

)
,
(
1
2 − b+ l, ϑ

)
, (1, 1);(

ν
k ,

λ
k

)
,
(
δ
k , τ
)
,
(
1
2 − a+ l, ϑ

)
;

(
xpη−τ−λ

k

ζϑ

)]
. (6.9)

6.1. Special Cases

Here we present some special cases by choosing suitable values of the parameters involved.

On setting p = 1 results presented in Theorem 9, Theorem 10 and Theorem 11 reduce to the
following form.

Corollary 11. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then, for ℜ(s) > 0, the following formula holds true:

L
{
z

ν
k
−1Eγ,δ,η

k,λ,ν,τ

(
xz

λ
k

)
; s
}
=

k

(s)
ν
k
η+1Fτ

[
∆
(
η; γk

)
, 1;

∆
(
τ ; δk

)
;

xηη

τ τs
λ
k

]
. (6.10)

Corollary 12. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then, for ℜ(a) > 0,ℜ(b) > 0, the following formula holds true:

B

{
Eγ,δ,η

k,λ,ν,τ

(
xz

λ
k

)
;
ν

k
,
ϑ

k

}
= kΓk(ϑ)E

γ,δ,η
k,λ,ν+ϑ,τ (x). (6.11)

Corollary 13. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then, for ℜ(a) > 0,ℜ(b) > 0, the following formula holds true:

∫ ∞

0
zl−1e−ζz/2Wa,b(ζz)E

γ,δ,η
k,λ,ν,τ

(
xzϑ

)
dz

=
Γ
(
δ
k

)
kζ−l

Γ
(γ
k

) 4Ψ3

[ (γ
k , η
)
,
(
1
2 + b+ l, ϑ

)
,
(
1
2 − b+ l, ϑ

)
, (1, 1);(

ν
k ,

λ
k

)
,
(
δ
k , τ
)
,
(
1
2 − a+ l, ϑ

)
;

(
x

ζϑ

)]
.

(6.12)

On setting p = k = 1, results presented in Theorem 9, Theorem 10 and Theorem 11 reduce to
the following form.
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Corollary 14. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, τ, η ∈ R+, η < ℜ(λ) + τ ,
then, for ℜ(s) > 0, the following formula holds true:

L
{
zν−1Eγ,δ,η

λ,ν,τ

(
xzλ
)
; s
}
=

1

sν
η+1Fτ

[
∆(η; γ) , 1;
∆ (τ ; δ) ;

xηη

τ τsλ

]
. (6.13)

Corollary 15. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, τ, η ∈ R+, η < ℜ(λ) + τ ,
then, for ℜ(ν) > 0,ℜ(ϑ) > 0, the following formula holds true:

B
{
Eγ,δ,η

λ,ν,τ

(
xzλ
)
; ν, ϑ

}
= Γ(ϑ)Eγ,δ,η

λ,ν+ϑ,τ (x). (6.14)

Corollary 16. Let λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, τ, η ∈ R+, η < ℜ(λ) + τ ,
then, for ℜ(l) > 0,ℜ(ζ) > 0, the following formula holds true:∫ ∞

0
zl−1e−ζz/2Wa,b(ζz)E

γ,δ,η
λ,ν,τ

(
xzϑ

)
dz

=
Γ (δ) ζ−l

Γ (γ)
4Ψ3

[
(γ, η) ,

(
1
2 + b+ l, ϑ

)
,
(
1
2 − b+ l, ϑ

)
, (1, 1);

(ν, λ) , (δ, τ) ,
(
1
2 − a+ l, ϑ

)
;

(
x

ζϑ

)]
.

(6.15)
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7. Conclusion

In this work we give a new generalization of Mittag-Le�er function and studied elementary
properties for the same. From the close relationship of the (p, k)-Mittag-Le�er function with many
special functions, we can easily derive various known and new results.
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