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SOME RESULTS OF GENERALIZED LAGUERRE
POLYNOMIALS WITH OTHER SPECIAL FUNCTIONS

HARSHKUMAR MAKWANA AND JYOTINDRA C. PRAJAPATI

Abstract. This paper explores a generalized four-parameter class of Laguerre-
type polynomials, denoted by L;’”(9;x), this gives broaden traditional poly-
nomial structures using advanced operational techniques. The investigation
includes series expansions involving Hermite and Legendre polynomials, as
well as composition formulae connected to generalized fractional integrals and
derivatives. Moreover, integral transforms and several special cases have been
discussed.

1. Introduction

In 2009, Shukla and Prajapati [13] introduced a class of generalized Laguerre-
type polynomials denoted by LZ*(9;x), defined as
(~1)mam
m!T(Wn —Im+ 1) T(em+p+1)’

LoP(9;2) =T an+p+4,§: (1.1)
where 9, 0, p € C with R(J) > 0, R(c) > 0, and R(p) > —1, and n € Ny.
Also, the generating function of (1.1) obtain by Shukla and Prajapati [13] as
= LoP(9;a)th

Tlon+p+1) = By(t)W (o, p +1; —at), (1.2)
=0

where, Fy(t) is well-known Mittag-Leffler [9] function defined as

o0
ZTL

Ea(t)zzm,zec,azo. (1.3)

and W{(a, 8+ 1; —%) is the Wright function [17] defined as
- (=2)"

W, 0+ 1;—2) zgm. (1.4)

Setting ¥ = 1 in (1.1) yields a subclass of polynomials previously studied by
Prabhakar and Suman [11], defined by

T(on+p+1) < (—n)p x
L7 (x) =
n’ () nl Z;Mka+p+D

k

(1.5)
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Furthermore, taking o = 1 in (1.1) reduces the polynomial to another class
studied by Shukla and Prajapati [10], given by

n

P (9 p) = D)™ (p+ Dna™
Lp(0;2) = 2:0 m!T(Wn—9m+1)(p+ 1)

(1.6)

The polynomials defined in (1.1), (1.5) and (1.6) have significant applications
in the analytical solution of fractional-order differential equations and in spectral
representations of operators [7].

The generalized hypergeometric function is defined (Rainville[12]) as,

qu[ul,...,/ip;Z]:i(ﬂl)k"'(up)kzk (L)

Viy.. s Vg P (Vl)k"'(l/q)k k!

The convergence of the series (1.7) is characterized as follows:
e If p < ¢, it converges for all finite z.
If p=q+1, it converges for |z| < 1 and diverges for |z| > 1.
If p > g+ 1, it diverges for all z # 0.
For p = ¢ + 1, it converges absolutely on |z| =1 if

q p
R Z vj — Z wi | >0.
j=1 i=1

Desai and Shukla [1] introduced the function , R, (7, i; z), Thakkar and Shukla [16]
studied further results of ,R, (7, u; z) function as

. _ 7‘917192a"'719p ) . _ - 1 (ﬁl)k(ﬁp)ki
PRq(Twua Z) - qu |: 01,09, .. .,0, T, H; 2| = ’;O F(Tk T /,L) (O'l)k . (O'q)k k! )
(1.8)
where p,q € Ng and 7, p € C, R(7), R(1), R(¢;), R(o;) > 0 for any ¢ = 1,2, ...,p and
j=1,2,...q.
In (1.8) the notation (v)j is a Pochhammer symbol defined (Rainville [12]) for
v € C by

) _Tw+k) Jvw+1)---(v+k-1), (keN),
FTTTw) ), (k=0,v#0).

The series (1.8) is defined when no o (j = 1,2, ..., ¢) is zero or a negative integer. If
any numerator parameter J; (i = 1,2,...,p) is a zero or negative integer, the series
(1.8) terminates to polynomial in z.

The confluent hypergeometric function 1 F(a; ¢; z), also known as the Kummer
function [12], is defined by

n

1Fi(a;ez) =) () 27 (1.9)
n=0

(¢)n n!’

the series (1.9) is converges absolutely for |z| < co.
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The Series expansion of ™ in terms of terms of Hermite polynomials given in
(Rainville [12]),

e > M (1.10)

The Series expansion of x™ in terms of terms of Legendre polynomials given in
(Rainville [12]),

15]
n nl (2n —4m + 1)P,_om ()
ot = - . (1.11)
2 Tnz::() m!(§)n—m
The following series manipulation techniques as given in (Rainville [12]),
SN Amon) =Y A(m,n—m) (1.12)
n=0m=0 n=0m=0

and
Z ZB(m,n):Z ZB(m,n—I—m) (1.13)
n=0m=0 n=0m=0

Let f € C"[a,b] and p € (n — 1,n), where n = [pu] € N. The Caputo fractional
derivative [4] of order p of the function f is defined as:

C m _ 1 ! f(n)(T) -
Dy f(t) = F(n—u)/o TEEr= (1.14)

for t > 0, where I'(-) is the Gamma function and f((7) is the n-th ordinary
derivative of f.

Saigo [14] introduced the left- and right-sided generalized fractional integrals,
defined respectively as

(Ioy"" f) (x) = G /01(33 —u)7 oy [ J—H?f Py u} f(u)du, (1.15)

F(O-) [ X
and
(177 £) () = ﬁ / O { T ﬂ £(w) du,

(1.16)
where o,m,p € C, R(c) > 0, and = > 0.
Special cases of these operators yield well-known fractional integrals:
e Riemann-Liouville Fractional Integrals: Setting n = —o in (1.15) and
(1.16) reduces them to the classical left- and right-sided Riemann-Liouville
fractional integrals [15]:

oL f ———1 xw—u"lfu U x o
(IO )(x) ( )/0 ( ) (u)du, (x>0, R(o)>0), (1.17)
I° ———1 u— )7 f(u) du x R(o
(,f) (z) ( )/w ( ) f(uw)du, (x>0, R(o) >0). (1.18)
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e Erdélyi-Kober Fractional Integrals: Setting n = 0 in (1.15) and (1.16)
yields the Erdélyi-Kober fractional integrals [15], defined for o, p € C as:

—o—p
(I5F f) () = L/ (x —u)" Ml f(u)du, (x>0, R(o)>0), (1.19)
(o) Jo
P oo
(177 f) (x) = ng ; / (= 2) T f () du, (x>0, R(e) > 0).  (1.20)
o xr
Following lemmas and a classical integral identity that will be useful for futher
study.

Lemma 1.1 (Kilbas and Samko [8]). Let o,n, p,w € C with (o) > 0 and R(w) >
max {0, R(n — p)}. Then,

() @) = 1, Pt .

In particular, the following special cases hold (see Samko et al. [15]):

(15, u*) () = F(Z(i)a)xw”l, (R(0) > 0, R(w) > 0), (1.22)
(15wt (2) = wal, (R(e) > 0, R(w) > —R(p)). (1.23)

Lemma 1.2 (Kilbas and Samko [8]). Let 0,1, p,w € C with R(c) > 0 and R(w) <
1+ min {R(n), R(p)}. Then,

F(nio‘)‘i’l)r(p*w‘kl) xwfnfl
F'l-wl(c+n+p—-—w+1) ’

In particular, we have (see Samko et al. [15]):

(177 () =

(1.24)

F'l—0—-w) 161
rl-w) = ’
Flp—w+1) L1

I'c+p—w+1)

(I7u™ ) (z) = (0 < R(0) < 1—R(Ww)), (1.25)

(I7Pu™1) (2) = , (Rw) < 1+ R(p)). (1.26)

Definition 1.3. [3] Let f be a real or complex-valued function defined on the
interval (0,1), and let #(J) > 0, (o) > 0. The Beta transform of f, denoted by
B{f(t)}, is defined as

B{f(£): 9,0} — /O =11 = )71 f (1) dt. (1.27)

Recently, Jatav and Shukla [5, 6] investigated various properties of a class of
Laguerre-type polynomials £2¢ (), originally introduced by Prabhakar and Suman.
We appreciated their work and motivated by their contributions, this paper explores
a more generalized three-parameter family of Laguerre polynomials L2*(9;x), in-
troduced by Shukla and Prajapati [13], by employing methods from integral trans-
forms, generalized fractional integration, and fractional differential operators. For
foundational results and related developments refer to [5, 6, 10, 11, 13].

The structure of the paper is as follows: Sections 2-6 derive the series representa-
tions, generalized fractional integral operators , fractional derivative operator, and
integral transform for L3 (a; z).
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2. Series Representation

Theorem 2.1 (Generalized Laguerre Polynomials with Hermite Polynomials). Let
3, 0,p € C with R(¥) > 0, R(c) > 0, and R(p) > —1. Then, the following identity
holds:
L2P(Y;x) = 1) Hy_om
n’(¥;2) = Dlon+p+1) ];)mzom' —2m)'F(19(n—k)+1) oht oy kel
(2.1)

Proof. Starting from the generating function:

Z ’pﬁx ZZ 1)k ktn
I'(on+p+1) KT(W(n—k)+ 1) (ck+p+1)

n=0

Using the Hermite polynomial expansion (1.10), we obtain

5,
['(on+p+1)

(—1)ktn X

_nz%kzok'r d(n —Fk +1)F(ak+p+1) o

(5]

_ ( Lken _ !
nz;)kzok'F i k)T DGkt ot D) | kn;mffkﬂm(x)
o n g ( 1)k2—ktn
EZ: kzz: = Wk —2m)!ITW(n—k)+ 1)T(ck+p+ I)Hk72m(x).

Now, compare the coefficients of ¢" on both sides to extract:
[5]

Lo’p(ﬁ CC) ( 1)k2 k
Tlon+p+1) ,;);)m' (= 2m) T (0 — &) + DTk + p v 1) k2

Substituting o = 1 into the identity (2.1) yields the following corollary.

Corollary 2.2. Let ¥,p € C with R(¥) > 0 and R(p) > —1. Then, the following
identity holds:

n 2 ( 1)k2—k

LaWsz) =T(p+n+1 ;z I(k — 2m)IT(I(n k)+1)r(p+k+1)H’“*2( %)

Theorem 2.3 (Generalized Laguerre Polynomials with Legendre Polynomials).
Let ¥,0,p € C with R(9) > 0, R(o) > 0, and R(p) > —1. Then, the following
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identity holds:
LoP(9;2) =T(on + +1i% P2k + 1) Py ()
n (VT)=L1{on+p -
=0 m=0 2k+2 m'( )k+m (23)
1

“TW(n—k—2m) + )I(o(k +2m) + p+1)

Proof. Starting from the generating function (1.1) we have

Fon+p+l k'F (n—k +1)F(0k+p+1)

> (_1)k ktn-i-k
g;k.mn e

Next, applying the Legendre expansion (1.11), we obtain
= LoP(9;x)th
— I'(on+p+1)
- 5]

1)*(2k — 4m + 1) P, gtk
_ZZZka,% m + 1) Py_zpm(2)

n=0k=0m=0 (19”+1) (0k+p+1>

(o OlENe S BNe o

_ —1)F(2k + 1) Py ()t thr2m
7;);;)7;) 2k+2mm )kJr TF(Wn+ 1)No(k+2m)+p+1)

_ Z Z Z (—=1)k(2k + 1) Py (z)tnt*
ok—+2m | %)

L@ —2m)+1)I(o(k+2m) +p+1)

n=0 k=0 m=0 k+m
(—1)*(2k + 1) Py (2)t"
_nz;)kz;)?nz:o 2k+2mm' ) e FWn—k—2m)+1)T(c(k+2m)+p+1)

Comparing the coefficients of t™ on both sides yields the desired result (2.3). O
Substituting o = 1 into the identity (2.3) yields the following corollary.

Corollary 2.4. Let ¥,p € C with R(9) > 0 and R(p) > —1. Then, the following
identity holds:

Lﬂ(v-x>=r<p+n+1>

(=D*(2k + 1) Py ()
8 kZOmZO 2k+2mm) (3), T (n—k—2m)+1)L(p+k+2m+1)

(2.4)

3. Generalized Fractional Integration of Polynomials L7?(¥; x)

In this section, we compute the left and right sided generalized fractional integra-

tion with the polynomials L7 (¥; ), expressed in terms of Mittag-Leffler function
and ,R, function.
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Theorem 3.1. Let a,n,v,w,0,p, 9 € C such that R(a) > 0, (o) > 0, R(Y) >0
R(p) > —1, R(w) > max{0,R(n —v)}. Then

Ioz,n,'y UW71Lz,p(19;u) n (1,) — :wanfl F(w)r(w + Y 77) Eﬂ(t)
" = T(on+p+1) Dw—nT(w+a+7) (3.1)
Xsz[a}n,w+a+7 o,p+1; x}

Proof. Consider the left-hand side of (3.1)

& w=110,0(9:
Igzj’/,’y u n ( 7u)tn (:C)
— Dlon+p+1)

TN T o1 a+ n,—; U oo uw—l[/o,p(ﬁ. u)
— _ F ’ 9 1 _ n ) t'rL d
() A(x u) 21[ e J:Z;F@n+p+m "

( 1)kt” ;1,7 , wtk—1
ZZFﬁn_gk+ DT(ok + p+ DA (Ig w1 ()

n=0 k=0

For any k = 0,1,2,...,R(w + k) > R(w) > maz[0,R(n — v)]. From Lemma (1.1),
further using (1.21) and replacing w by w + k, we get

17700 w lLUpﬂu)n
< g Jn+p+1)t>(x)

—n—1

e (DD (w + k)T (w + v — 0 + k)zkt"
2222:: FWn—9%k+ DI (ck+p+ 1D (w—n+k)T(w+a+v+k)k!
)

— @ lz F w+7 n
Fw—n) w—i—a—i—’y) (In+1) (3.2)

xi k(w7 = n)w(=a)
=T ak+p+1)(w— Mk(w + a+ v)ik!

= @ 1 F( )Fw+’y 77 Z
F(w N(w+ a+7) I’ﬂn—i—l

Xi k(W +y —n)k(= m)’“t’“
perd) ak+p+1)(w— Nk (w + a+ ) k!’

on using (1.8), we obtain

(Iaﬂ%’)’ - uW?lL?fp(ﬂ;u) n) ( ) — 1,(;.)7’!771F({“'))F(p+ 1)F(w + Y- 77) Eﬂ(t)

F Z= T(on+p+1) T(w—nl(w+a+7)

W7w+’7_77
w—nwaty

X2R2|: a,p—l—l;—x},

this completes the proof. O
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On setting n = —a and n = 0 in above theorem, we arrive at the following corol-
laries.

Corollary 3.2. Let a,w,0,p, 9 € C such that R(a) > 0, R(o) > 0, R(J) > 0,
R(p) > —1, R(w) > 0. Then

N A CARD) _ wraa D@I(p+1)
<10+Zfan+p+1)>(x)_x+ Mw+a)

(3.3)

x Ey(t) 1Ry [ )o—,p+ 1;—x]

w
W+«

Corollary 3.3. Let a,v,w,0,9,p € C such that R(a) > 0, R(o) > 0, R(W) > 0,
R(p) > —1, R(w) > —R(v). Then

( i o 1L0P19u)>(x)_xw1F(w+’y)F(p+1)

I'(on+p+1) MNw+a+7) (3.4)

w+y

XEﬂ(t)lRl |: w+a+7

o,p+ 1;—x]

Theorem 3.4. Let a,n,v,w,0,p,9 € C such that R(a) > 0, R(o) > 0, R(¥) > 0,
R(p) > —1, R(w) < 1+ min{R(n), R(y)}. Then

p+1) l-—wl(a+n+y—-—w+1)

op+1;— wF5

cu—l o,.p 19 n —w w
<IWZ r<fn+( )t)(m):xw_n_lr(rm + DMy —w+1)

n—w+l,y—w+1

xEy(t) o Ra [

Proof. The left hand side of (3.5), gives

o0 uv— 1L¢7p(,§ )tn
T
( Z T(on+p+1) >(I>
0o e o wflLa.,p ’L9l tn
1)/ (u—:c)o‘luo‘"zF1[a+nf s 1_;]2“ n (’u) du

- NG a; =  ontp+l
N (=DFe k-1
IOHI’Y w—
nZO];)Fﬂnfﬂk+1) T(ck+p+1 )k'( ) @)
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For any £ =0,1,2,...,R(w — k) < R(w) < 1+ min{R(n), R(v)}. From Lemma 1.2,
further using (1.24) and replacing w by w — k, we get

pona o WTILE (955,)
( Z T(on—+p+1) )Cp)

w—n—1

XZZ (-D)FT(n—w+1+kI(y—w+1+k)zk
T(Wn — 9k + D)(ck+p+ DI(1 —w+ k) (a+n+7—w+ 1+ k)k!

n=0 k=0
— pw—n— 12 77 w+ )F(’Y_w_‘_l)tn
Na+n+vy—w+1HI'(Wn+1)
3.6
i (n— w+1)k(v—w+1)k(—x)*’“t’“ (36)

P O’k"f‘p“r‘ )(l—w)k(a+n+7—w+1)kk!

w—n—1 F(U—W‘i‘l)F(V—W‘F 1) i [
Pl -wl(a+n+y-w+1) = I{n+1)

=T

" i (N —w+ Dp(y—w+ 1D)p(—2)"Ftk
OP O’k"f‘p“r‘ )(l—w)k(a+n+7—w+1)kk!

On using (1.8) in the above equation, we get

(IWZ - ULn”i(ﬁ )t")mer(rm—wl)r(v—wﬂ) ot

p+1) l-—wl(a+n+y—-—w+1)

—wH+1l,y—w+1
><2R2[117 7

t
U7P+1§_:|7
x

this completes the proof. ([

On setting 7 = —a and 1 = 0 in the above theorem yields the following corollaries.

Corollary 3.5. Let a,w,0,p,9 € C such that R(o) > 0, R(¥) > 0, R(p) > —1,
0<R(a) <1—R(w). Then

(Ia i - ngp (19 )tn> (1‘) _ xw+a—lm Eﬁ(t)

= Plon+p+1) I'(l-w)

l—-a—w

><1R1|: 1—

t
0,p+1;$]

Corollary 3.6. Let o, v,w,0,p,9 € C such that R(a) > 0, R(o) > 0, R(W) > 0,
R(p) > -1, R(w) < 1+ R(y). Then

(avi w1 Lge (9; 1 )t”>(m):xw_1F(F(7_“+l) Ey(t)

Tlon+p+1) a+y—w+1)

(3.8)

><1R1[ y—w+1

t
U,P+ 1,.’13:|
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4. Generalized Fractional Integration of Polynomials L% (v; x)

In this section, we compute the left and right sided generalized fractional inte-
gration with the polynomials L? (¢; x), expressed in terms of Mittag-Leffler function
and Generalized Hypergeometric function.

Theorem 4.1. Let a,n,7,w,p,d € C such that R(a) > 0, R(I) > 0, R(p) > —1,
R(w) > max{0,R(n —~)}. Then

(IO iy UL () u)t”) () = a1 . L(w)Nw+v—1n)

E
Z T(p+n+1) w—nTw+a+yTp+1) "’
w,w+y—n; (4.1)
F _
sz[p+Lw_mw+a+% v
Proof. On applying theorem 3.1 and using (3.2) with o = 1, we get
e Ww=170(9: u)t"
vl u (05 u) (z)
—= Tlp+n+1)
. [w)lw+y—mn)
=¥t 4.2
* I‘(p+1)I‘( -nl(w+a+7) ZFﬁn—i-l (42)
y i W+”y )k (—xt)*
P p—|—1 (w—n)k(w+ a+7)pk!
On using (1.7), this yeilds the result in (4.1). O
On setting n = —a and 1 = 0 in above theorem yields the following corollaries.

Corollary 4.2. Let a,w,p, ¥ € C such that R(a) > 0, R(W) > 0, R(p) > —1,
R(w) > 0. Then

L u L (95 u )t  wta— INw)
<Io+nz:0p+n+1)> (z) = 2" 1r(p+ DINw + )

(4.3)

ptlwta;

X Ey(t) 1F2 [

Corollary 4.3. Let a,v,w, ¥, p € C such that R(a) > 0, () > 0, R(p) > —1,
R(w) > —=R(v). Then

o — uCTLLE (95 u)tn o INw+7)
(%ﬂ )>u»=x BT

— TDlp+n+1) p+l(w+a+7)

(4.4)
w+;

— xt
ptlLwtaty °

XEy(t) 1F2 {
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Theorem 4.4. Let a,n,7v,w,p, ¥ € C such that R(a) > 0, R(W) > 0, R(p) > —1,
R(w) < 1+ min{R(n), R(v)}. Then

1
u‘*’_lLfl (19; — |t

e

- . 'n—w+1I'(y—w+1)
T — pw—n—1
- Z; Tornsn) | @=° Tlp+ Il —w)(at+n+y—w+1)

. ) (4'5)t
n—w+lLy—-w+

Ey(t) oF:

X Ey(t) 2 3[p+1,1—w,a+17+7—w+1 x

Proof. On applying theorem 3.4 and using (3.6) with ¢ = 1, we get

o u?"LLP (19; 1) "
IS = ()

— T(p+n+1)
:xw—n—l F(W—W'i'l)r(V—w‘*‘ 1) i "
Fp+DI'Q —w)lM(a+n+y—w+1) &= T(Wn+1)

i (n —w+1)(y —w + Dy(—a)

pars (p+ 1)l —wi(a+n+y—w+1)k!
using (1.7) yields (4.5). O
On setting n = —a and n = 0 in above theorem, we arrive at the following corol-
laries.
Corollary 4.5. Let a,w,p,9 € C such that R(9) > 0, R(p) > —1, 0 < RN(a) <
1 —R(w). Then

w—1r1p l n
T i B Ln <19’ u) ! (1,) _ xw—&-a—l F(]- — o w)
— Tlp+n+1) Tp+ 1)1 —w) (4.6)

1l—a—uw; t
XEMwlﬁ[p+1J—w;_x

Corollary 4.6. Let a,v,w,p, 9 € C such that R(a) > 0, R(J) > 0, R(p) > —1,
R(w) <1+ RN(y). Then

1
00 UwilLﬁ <'l.9, u) t"
Iiﬂ,’Y §

Flp+n+1)

MNy—w+1)
p+la+y—w+1)

(ﬁ) _ xw—l F(

n=0

vy—w+1; t
x 1 F - —
o+t Laty-—w+ ]l 2
5. Fractional Derivative Operator

In this section, we compute the Caputo fractional derivative operator of polyno-
mials L9 (9; ).
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Theorem 5.1. Let m € N, o, p,%,w € C with R(w) > 0, R(Y) >0, R(o) >0, and
R(p) > —1. Then

a\" _ I(on+p+1) _
Bl PLOP(9: O\ — pp—m LoP=T (19 oy 1
I R e e LA T N R

Proof. Consider, the left hand side of (5.1)
4 " [ L2P (9; wx?)]
dx o

_(d\" & ()" @) aott
= (dx) lr("” o+l kzzo T(0n — 9k + DI(ok + p+ DK

- - (=1)*(wa)*
= 2P~™T 1
w o+ p+ )I;)F(ﬂn—ﬁkH—1)F(ak+p—m+1)k!
this immediately leads to form of (5.1). O

Theorem 5.2. Let m € N, and let 9,0, p,w, p € C such that R(w) > 0, R(u) > 0,
R(W) >0, (o) >0, and R(p) > —1. Then

F(on+p+1) _
LOP7H (9 wx® 5.2
R o b ), (52)

(“Dfy [wP L (V5 0u”)]) () = 2P~

where cDg+ denotes the Caputo fractional derivative of order p.
Proof. Consider the left-hand side of equation (5.2):
(ODg [ L (0:0u”)]) ()

_ ﬁ /O “( = uymht (;i)m [P L (9 wu®)] du.

Substituting the definition of LZ*(¥;wu?) from equation (1.1), we obtain

(CD WL (9:0u%)]) ()

- (—1)kwt
=T 1
(on+p+ )kzzok!F(ﬂn—ﬂk+1)F(ak+p—m+1)
1 /"E —p—1, oktp—
X ——— T —u)"THF TP du.
L(m —p) 0( )

On using (1.17), we get
(9D [wP L (95 0u”)]) ()

- (71)kwkr(0_n + P + 1) m— k+p—
- IRk te=mY (4,
kz_ok!l“(ﬁn—ﬁk—i—l)l“(ak—&—p—m—kl)(0+ b ) (@)

Using (1.22) in the preceding equation immediately leads to the form of (5.2). O

Substituting o = 1 into the identity (5.2) yields the following corollary.
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Corollary 5.3. Let m € N, and let 9, p,w, p € C such that R(w) > 0, R(u) > 0,
R(W) >0, and R(p) > —1. Then

Flp+n+1)
T(p—p+n+1)"

(Dl [u” L5 (0 wu)]) (x) = &+ THwr),  (5.3)

where CD& denotes the Caputo fractional derivative of order u.

6. Beta Transforms

Theorem 6.1. Let 9,0,p,k,w € C such that R(9) > 0, R(e) > 0,R(k) > 0,
R(w) > 0, R(p) > —1. Then the Beta transform of the generalized Laguerre-type
polynomial L2P(; ) satisfies:

F(H)F(O’TL + P + 1) o,p+K (9.
TontptrtD) LSPTR (9 w) (6.1)

Proof. Consider the left hand side of (6.1) and applying (1.27),
BILy? (O;wu?); p+ 1, K]

BILZP (P wu);p+ 1, K] =

1
:/ uP (1 — u)" T LOP (95 wu?) du
0

( 1)k k /1 ot .
=T 1) TETP(1 — )" d
(on+p+ Zkz'l‘ﬁn—q‘}k—&- DThtptn) J, & (- wr du

( 1)k k
T(0n—0k+ )T(ok+p+r+1)

=T(k)(on+p+1) Xn:

applying equation (1.1) to the preceding expression yields the desired result in
(6.1). O

1
In particular, setting xk = 3 in equation (6.1) yields

11 Val(on+p+1) op+s
BLyP(%wu’);p+1, 5| = L™ 2 (0w 6-2
( Jirt L3 T(on+p+3) " (V) 02

Substituting o = 1 into the identity (6.1) yields the following corollary.

Corollary 6.2. Let ¥,p,k,w € C such that R(J) > 0, R(k) > 0, R(w) > 0,
R(p) > —1. Then the Beta transform of the generalized Laguerre-type polynomial
LA (9; ) satisfies:

L(R)D(p+n+ 1)

BIL: (9;wu®); p+1,K] = LET5 (9, 6.3
1
In particular, setting x = 3 in equation (6.3) yields
1 Il 1
B | LA (8; wu); p+1 1] _vallptntl) » ot 2(79;w) (6.4)

L(p+n+3)
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